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Exercise 1. Let k be a field and G = GLn,k ⊆ An2

k the open subscheme D(det). Let e be the unit
matrix.

1. Show that we can identify TeG with kn
2

, viewed as the set of n× n-matrices over k.

2. Let m : G×G→ G be the multiplication map. Show that dm(e,e) : TeG× TeG→ TeG is given
by (v, w) 7→ v + w.

3. Show that ddete : kn
2

→ k induced by det : G→ GL1,k is the trace map.

Exercise 2. Let R be an algebra over a field k and let M be an R-module. Then a map δ : R → M
is a derivation if δ is additive and for all x, y ∈ R we have

δ(xy) = xδ(y) + yδ(x).

Let X be a k-scheme and x ∈ X a closed point with κ(x) = k. View κ(x) as an OX,x-module via the
projection OX,x → κ(x). Show that there is a canonical isomorphism

{ derivations δ : OX,x → κ(x)} ∼= TxX.

Exercise 3. Let K/k be a finite extension of fields. Let X = SpecK and consider X as a k-scheme.
Let x : SpecK → X be the identity map. Show that TxX = 0, but Tx(X/k) = 0 if and only if K/k is
separable.

Exercise 4. Let k0 be a field of characteristic p > 0 and let k = k0(t). Let X = V (y2 − xp + t) ⊆
A2

k = Speck[x, y]. Show that every local ring ofX is a regular local ring, but thatX is not smooth over k.
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